Abstract This paper proposes the new concept of stochastic leverage in stochastic volatility models. Stochastic leverage refers to a stochastic process which replaces the classical constant correlation parameter between the asset return and the stochastic volatility process. We provide a systematic treatment of stochastic leverage and propose to model the stochastic leverage effect explicitly, e.g. by means of a linear transformation of a Jacobi process. Such models are both analytically tractable and allow for a direct economic interpretation. In particular, we propose two new stochastic volatility models which allow for a stochastic leverage effect: the generalised Heston model and the generalised Barndorff-Nielsen & Shephard model. We investigate the impact of a stochastic leverage effect in the risk neutral world by focusing on implied volatilities generated by option prices derived from our new models. Furthermore, we give a detailed account on statistical properties of the new models.
Introduction
Stochastic volatility (SV) models for asset prices have gained great popularity in recent years. The main reason for this is that they can explain many empirical facts observed in financial markets, such as time-varying volatility and volatility clusters. In particular, they are able to reproduce the observed implied volatility smile and are therefore essential for pricing and hedging financial derivatives, see e.g. Rogers and Veraart (2008) and the references therein.
A very important empirical fact which can be modelled via a stochastic volatility model is the so-called leverage effect. The leverage effect refers to the relationship between asset price returns and volatility which tend to be negatively correlated. One explanation, which also led to its name, is that negative stock returns might increase financial leverage which itself makes the stock riskier and therefore leads to higher volatility. This effect was initially analysed by Black (1976) and was further supported by studies by Christie (1982) , Nelson (1991) among others and, more recently, by Harvey and Shephard (1996) , Bouchaud et al. (2001) , Tauchen (2004 Tauchen ( , 2005 , Yu (2005) and Bollerslev et al. (2006) . In empirical data, the leverage effect is particularly apparent when looking at data from indices.
The leverage effect can be modelled in terms of two correlated stochastic processes which drive the asset price process and the volatility process. Well-known models incorporating the leverage effect are e.g. the Heston model (Heston 1993) and the Barndorff-Nielsen & Shephard model (Barndorff-Nielsen and Shephard 2001, 2002 ), (BNS model). In both models a constant correlation is assumed.
The present paper introduces the concept of a stochastic leverage effect in continuous time in a very general framework. We model the quadratic covariation between the asset returns and the volatility as a stochastic process. To the best of our knowledge this is the first paper that studies such a general stochastic model for the leverage.
Stochastic leverage has the advantage that it introduces an additional factor or source of randomness into a stochastic volatility model which has a natural economic interpretation. Among the stochastic volatility models, it is well known that multifactor SV models outperform single factor SV in practice, but might not necessarily be as analytically tractable. We will present how stochastic leverage can be included in stochastic volatility models such that some analytic results can still be obtained.
Another big advantage of stochastic leverage was pointed out by Carr and Wu (2007) . They show that not only stochastic volatility but also stochastic skew can be observed in financial markets. They provide empirical results that stochastic skew is present in empirical currency option data and show that it is very important to account for it. They briefly mention the possibility to incorporate this feature by randomising the correlation parameter between the currency return and the stochastic volatility process, but do not further investigate this approach. This is what we do in the present paper.
Note that stochastic correlation as such has been studied in the literature before. However, the focus has mainly been on modelling the correlation between various asset prices and not between stochastic volatility and the asset price. In the context of multivariate asset price models, one stochastic process has received particular attention: the Wishart process. It has been introduced in the probability literature by Bru
